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Abstract
This paper introduces AHA, an NWO-funded1  344K Euro research project involving 
research into an amortized analysis of heap-space usage by functional and imperative 
programs. Amortized analysis is a promising technique that can significantly improve 
on simply summing worst case bounds. The project seeks to apply this technique to 
obtain non-linear bounds on heap-space usage for lazy functional languages and to 
adapt the results for imperative languages.
1 INTRODUCTION
E stim a tin g  h e a p  co n su m p tio n  is an  active re se a rch  a re a  as it  b ec o m e s  m o re  and  
m o re  an  issu e  in  m a n y  ap p lica tio n s. E x am p les  in c lu d e  p ro g ra m m in g  fo r  sm all 
dev ices, e.g. sm a rt ca rd s, m o b ile  p h o n es , em b ed d e d  sy s tem s an d  d is trib u ted  c o m ­
p u tin g , e .g  G R ID  co m p u tin g . T he s tan d ard  te ch n iq u e  fo r  e s tim a tin g  h ea p  c o n ­
su m p tio n  g ives u n rea lis tica lly  h ig h  b o u n d s  in  m a n y  cases. A s  a co n seq u e n ce , in  
p rac tice  am o u n ts  o f  h ea p  are u se d  th a t are u n n ec essa rily  expensive  an d  fo r  sm all 
dev ices  h ig h ly  u n p rac tica l. A  m o re  accu ra te  an a ly sis  is w an te d  fo r  th e se  cases  in  
p a rtic u la r  and  fo r h ig h  in teg rity  rea l-tim e  ap p lica tio n s  in  general.
A  p ro m is in g  te ch n iq u e  to  o b ta in  accu ra te  b o u n d s  o f  reso u rce  co n su m p tio n  and  
g a in  is am o rtize d  ana lysis . T he am o rtize d  an a ly sis  o f  a reso u rce  co n s id ers  n o t the  
w o rs t case  o f  a sin g le  o p e ra tio n  b u t the  w o rs t case  o f  a seq u en ce  o f  opera tio n s. 
T he o v era ll am o rtize d  co s t o f  a  seq u en ce  is ca lc u la ted  by  ta k in g  in to  a c co u n t bo th  
the  h ig h e r  co s ts  o f  on e  o p e ra tio n  an d  the  lo w er co s ts  o f  an o th er w e ig h in g  th e m  a c ­
co rd in g  to  th e ir  d is trib u tio n . In  m a n y  cases  am o rtize d  an a ly sis  can  g ive m u c h  m o re  
accu ra te  re so u rce  co n su m p tio n  e s tim a tes  th a n  the  s tan d ard  w o rs t case  analysis.
C o m b in in g  am o rtiza tio n  w ith  ty p e  th e o ry  a llow s to  ch e ck  lin e a r  h ea p  co n su m p ­
tio n  b o u n d s  fo r  fu n c tio n a l p ro g ra m s w ith  e x p lic it m e m o ry  d ea llo ca tio n . T he AHA 
p ro je c t aim s to  ad ap t th is  m e th o d  to  d ea l w ith  non-linear b o u n d s  w ith in  (lazy)
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fu n c tio n a l p ro g ra m s as w e ll as to  tra n sfe r  the  re su lts  o f th e  fu n c tio n a l p ro g ra m m in g  
co m m u n ity  to  th e  im p era tiv e  o b je c t-o rien ted  p ro g ra m m in g  w o rld  b y  ap p ly in g  the  
am o rtize d  m e th o d  to  derive  accu ra te  b o u n d s  fo r  h ea p  u sag e  o f  Java p ro g ram s. In  
th is  w ay  the  p ro je c t b o th  en h a n ce s  fu n d am e n ta l th e o ry  an d  p rac tica l im pact.
1.1 Relevance
B ecau se  m e m o ry  ex h a u stio n  w ill invoke g arb ag e  co llec tio n , h ea p  u sag e  can  in d i­
rec tly  slow  do w n  ex ecu tio n  an d  h en c e  in flu en ce  tim e  com plex ity . A  b e tte r  h eap  
space  an a ly sis  w ill th e re fo re  en ab le  a  m o re  accu ra te  e s tim a tio n  o f  tim e  co n su m p ­
tion . T h is is re le v an t fo r  tim e-c ritica l ap p lica tio n s. A n a ly z in g  reso u rce  u sag e  is 
also  in te re s tin g  fo r  o p tim iza tio n s  in  co m p ile rs  fo r  fu n c tio n a l lan g u ag es , in  p a r tic ­
u la r  o f  m e m o ry  a llo ca tio n  an d  g arb ag e  c o llec tio n  tech n iq u es. A  m o re  accu ra te  
e s tim a tio n  o f  h ea p  u sa g e  en a b le s  a llo ca tio n  o f  la rg e r  m e m o ry  ch u n k s  b e fo reh a n d  
in s tea d  o f  a llo ca tin g  m e m o ry  ce lls  sep ara te ly  w h e n  n eed ed , lead in g  to  a b e tte r  
cach e  perfo rm an ce .
R eso u rce  u sa g e  is an  im p o rta n t a sp ec t o f  any  sa fe ty  o r  secu rity  po licy , as e x ­
h au s tin g  ava ilab le  re so u rce s  ty p ic a lly  cau ses  sy stem  failu re . Indeed , i t  is o n e  o f  
the  m o s t im p o rta n t p ro p e rtie s  one w an ts  to  spec ify  an d  v erify  fo r  Java p ro g ra m s 
m e a n t to  b e  ex ecu ted  o n  (em b ed d ed ) Ja v a-en a b led  d ev ices  w ith  lim ite d  am oun ts  
o f  m em ory , such  as sm a rt-c a rd s  im p lem e n tin g  the  Jav a  C ard  p la tfo rm , an d  M ID P  
m o b ile  p h o n es  im p lem e n tin g  th e  Java 2 M ic ro  E d itio n  (J2 M E ) p la tfo rm .
T he Jav a  P ro g ram m in g  L an g u ag e  (JM L ) a lread y  p ro v id es  som e ru d im e n ta ry  
p o ss ib ilitie s  fo r  sp e c ify in g  reso u rce  u sag e  o f  Jav a  p ro g ram s. H ow ever, th e re  is 
on ly  sy n ta x  fo r  sp ec ify in g  th is , w ith o u t any c lea r  se m an tics , an d  th e re  are no  to o ls  
fo r  ac tu a lly  m o n ito rin g  -  le t a lone , p ro v in g  -  th a t su ch  co n s tra in ts  are m et.
1.2 Research questions
T he AHA p ro je c t in v estig a tes  the  p o ss ib ilitie s  fo r  an a ly z in g  h ea p  u sa g e  fo r  bo th  
fu n c tio n a l an d  im p era tiv e  o b je c t-o rien ted  lan g u ag es , m o re  specifically , C lean  and  
Java. I t a im s to  an sw e r th e  fo llo w in g  re se a rc h  questions:
•  I t  is c lear, th a t th e  h ea p  an a ly sis  fo r  fu n c tio n a l la n g u ag e s  can  b e  im p ro v ed  
so th a t a w id e r  c lass  o f  reso u rce  u sag e  b o u n d s  th a n  ju s t  lin e a r  b o u n d s  ca n  be 
g u aran teed . T he q u es tio n  is how  co m p lex  the  ty p e -c h ec k in g  an d  in fe ren ce  
p ro ce d u re s  m ay  be. In  p articu la rly , w h ich  arith m etics  an d  co n s tra in t so lvers 
w ill be n e e d e d  an d  fo r  w h ich  c lasse s  o f  p ro g ra m s?
•  C an  h ea p  space  an a ly sis  be done  fo r  lazy  fu n c tio n a l lan g u ag es?
H eap  space  an a ly sis  fo r  lazy  fu n c tio n a l la n g u ag e s  is c lea rly  m o re  c o m p li­
ca te d  th a n  fo r  s tric t lan g u ag es , b ecau se  the  h ea p  space  is also  u se d  fo r  u n ­
ev a lu a ted  ex p ress io n s  (c lo su res). T he am o u n t o f  m e m o ry  th a t is u se d  a t a 
ce rta in  m o m e n t d ep en d s  o n  th e  ev a lu a tio n  o rd e r  o f  ex p ress io n s , w h ich  in  its 
tu rn  is in flu en ced  by  th e  s tric tn ess  an a ly z e r  in  th e  co d e  g en e ra tin g  com piler.
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•  H ow  su ccessfu lly  can  on e  ad o p t the  ap p ro ach  fo r  o b je c t-o rien ted  im p era tiv e  
lan g u ag es?  T he a im  h ere  is to  be ab le  to  p ro v e  -  or, b e tte r  still, d erive  -  
p ro p e rtie s  a b o u t the  h ea p  space  co n su m p tio n  fo r  Jav a  p ro g ra m s spec ified  in  
an  ex ten s io n  o f  JM L  (Java M o d e lin g  L anguage).
2 INTRODUCTION TO AMORTIZATION
2 . 1  Amortization of resources in program analysis
T he te rm  “ am o rtiza tio n ” cam e to  co m p u te r  sc ien ce  fro m  th e  fin an c ia l w orld . T here  
it  d en o te s  a  p ro ce ss  o f  en d in g  a d eb t b y  reg u la r  p ay m en ts  in to  a spec ia l fund. 
In  co m p u te r  sc ience  am o rtiza tio n  is u se d  to  es tim a te  tim e an d  h ea p  c o n su m p tio n  
b y  p ro g ram s. “P ay m e n ts” in  a p ro g ra m  are d one  b y  its  o p e ra tio n s  o r  the  d a ta  
s tru c tu res  th a t p a rtic ip a te  in  th e  co m p u ta tio n , see [14]. T h ese  p ay m en ts  m u s t co v e r 
the  overa ll re so u rce  u sage . M e th o d s  o f  d is trib u tio n  o f  su ch  “p a y m e n ts” across 
o p e ra tio n s  o r d a ta  s tru c tu re s  fo rm  the  su b je c t o f  am o rtize d  analysis.
To b eg in  w ith , c o n s id e r  am o rtize d  tim e  cos ting . G iven  a seq u en ce  o f  o p e ra ­
tio n s , one o ften  w an ts  to  k n o w  n o t the  co s ts  o f  the  in d iv id u al o p era tio n s , b u t the  
c o s t o f  th e  en tire  sequence . O ne assigns to  an  o p e ra tio n  an  amortized cost, w h ich  
can  b e  g rea te r  o r  less th a n  its ac tu a l cost. A ll o n e  is in te re s te d  in , is  th a t th e  sum  
o f  th e  am o rtize d  co s ts  is la rge  en o u g h  to  co v e r th e  o v era ll tim e u sage. T hus, one 
red is trib u te s  th e  ru n  tim e  o f  th e  en tire  seq u en ce  ov er the  opera tio n s. T he s im p les t 
w ay  to  a rran g e  such  red is trib u tio n  is to  a ssig n  to  each  o p e ra tio n  th e  average co s t 
T ( n ) /n ,  w h ere  T (n) is the  overa ll ru n  tim e , an d  n  is  the  am o u n t o f  o pera tio n s. A  
rich o p e ra tio n  is an  o p e ra tio n  fo r  w h ich  its am o rtize d  cost, say, T(n)/n,  ex ceed s 
its ac tua l cost. R ich  o p e ra tio n s  p ay  fo r  “p o o r” ones.
C o n s id e r  the  H ask e ll-s ty le  v e rs io n  o f  th e  fu n c tio n  m u ltip o p  fro m  [8] th a t, g iven  
a s tack  S  an d  a co u n te r  k, p o p s  an  e le m e n t fro m  the  to p  o f  the  s tack  till the  s tack  is 
em p ty  o r  th e  co u n te r  is zero:
m u l t i p o p  : : I n t  S t a c k  I n t  S t a c k  I n t
m u l t i p o p  k  [ ] =  [ ]
m u l t i p o p  0 ( x : x s )  =  x : x s
m u l t i p o p  k  ( x : x s )  =  m u l t i p o p  ( k - 1 )  x s
I f  the  ac tu a l co s ts  o f  push an d  pop  are 1 each , th e n  the  ac tua l c o s t o f  th e  en tire  
p ro g ra m  is m in (s , k ), w h ere  s  is th e  size  o f  the  s tack  S. A ss ig n in g  am o rtize d  costs  
one m ay  th in k  in  th e  fo llo w in g  w ay. E ac h  o p e ra tio n  push h as  th e  ac tu a l c o s t 1, b u t 
i t  “tak es  ca re” a b o u t th e  fu tu re  o f  the  e le m e n t it  p u sh e s  o n  th e  stack. T h is  e lem e n t 
m a y  b e  p o p p ed  out. So push  o b ta in s  the  am o rtize d  c o s t 2 to  p ay  fo r  i ts e lf  an d  fo r 
the  p o ss ib le  ca ll o f  pop. T hus, all p o ss ib le  ca lls  o f  pop  are p ay e d  w h ile  c o n s tru c t­
in g  the  in p u t S  fo r  m u ltip o p . After construction o f  the stack S, th e  am o rtize d  co s t 
fo r  p o p  is 0, an d  th e  am o rtize d  c o s t o f  m u ltip o p , w h ich  is  th e  sum  o f  th e  am o rtized  
co s ts  o f  p ops, is  ze ro  as w ell. T he am o rtize d  c o s t o f  the  co n s tru c tio n  o f  S  fo llo w ed  
b y  m u ltip o p  is 2s, w h e rea s  its ac tu a l c o s t is  s + m in (s , k).
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T he co rrec tn ess  o f  an  am o rtize d  an a ly sis  fo r  a  seq u en ce  o f  n  o p e ra tio n s  is d e ­
fined  by  Sj=1ai > SJi=1ti, w h ere  j  < n, ai is  th e  am o rtize d  c o s t o f  the  ith  o p era tio n , 
an d  ti is its  ac tu a l cost. In  th is  w ay  o n e  en su re s  th a t, a t any m o m e n t o f  the  c o m p u ­
ta tio n , th e  overa ll am o rtize d  co s t co v ers  the  overa ll ac tua l cost.
2.2 Views to Amortization
A  g en e ra l u n d e rs ta n d in g  o f  am o rtiza tio n  [16] is b ased  o n  a g rap h  p re se n ta tio n  o f  
p ro g ram s. A  p ro g ra m  is v ie w e d  as a  d irec ted  g rap h  w ith  states (i.e. d a ta  s truc tu res) 
as n o d es  an d  edges (i.e. b as ic  o p e ra to rs  o r  co n s tru c ts)  as tran s itio n s  b e tw e e n  them . 
A  p o ss ib le  computation is  a  p a th  in  the  graph.
B ran ch in g  in  the  g rap h  ap p ears  due to  n o n -d e te rm in ism  o r  du e  to  the  fac t th a t 
sta tes m a y  b e  abstract. In  o th e r  w o rd s , sta tes m a y  re p re se n t n o t co n c re te  o p e ra ­
tio n a l s ta te s  like  m e m o ry  lay o u ts , b u t th e ir  “p ro je c tio n s” . W h e n  co n c re te  in fo rm a ­
tio n  is lost, th e  if-then-else c o n s tru c t is p re se n ted  in  th e  g rap h  b y  b ranch ing .
In  a physicist's view o f  am o rtiza tio n  one assigns to  any sta te  s a  rea l n u m b e r 
F ( s )  c la lled  the  potential o f  the  sta te  s. F o r th e  tim e  b e in g  w e c o n s id e r  on ly  n o n ­
n ega tive  p o ten tia ls . T he firs t in tu itio n  b eh in d  th e  p o te n tia l fu n c tio n  is th a t i t  reflec ts  
the  am o u n t o f  re so u rce s  (heap  u n its , tim e tic k s) th a t m ay  b e  d isc h a rg ed  d u rin g  a 
co m p u ta tio n , s ta rtin g  fro m  the  sta te  s. In  the  p h y s ic is t’s ap p ro a ch  th e  am o rtized  
c o s t o f  an  any p a th  b e tw e en  som e s  an d  s  is  the  d iffe ren ce  F ( s ')  — F ( s ) .
To in tro d u c e  a banker’s view w e  firs t n o te  th e  fo llow ing . E ac h  ed g e  e ( s 1; s2) 
h as  its ac tu a l c o s t t ( s 1, s2) d e fin ed  b y  the  co rre sp o n d in g  b as ic  co m m an d  o r the  c o n ­
struct. L e t i t  have an  am o rtize d  c o s t a ( s 1; s2). T he d iffe ren ce  a ( s 1; 52) — t ( s 1; s2) 
fo r  th e  ed g e  e ( s 1; s2) is ca lle d  a surplus. I f  th e  d iffe ren ce  a ( s 1; s2) — t ( s 1; s2 ) is 
po sitiv e , it is  ca lled  a credit, it m ay  b e  u se d  to  co v e r th e  ac tu a l co s ts  o f  fu rth e r  
co m p u ta tio n s. T he a c tu a l/a m o rtize d  c o s t o f  a  p a th  p , b e tw e e n  som e s  and  s ', is  the 
sum  o f  ac tu a l/a m o rtize d  co s ts  o f  edges. In  p rin c ip le , th e  co s ts  o f  tw o  p a th s  p  and  
p  b e tw e e n  th e  sam e v ertices  m ay  differ. I f  fo r  any  tw o  sta te s  s  an d  s' i t  h o ld s  th a t 
a (s , s ')  =  t(s, s ')  +  F ( s ')  — F ( s ) ,  th e n  th e  ana ly sis  is  ca lle d  conservative.
I t is c lea r  th a t fo r  any p h y s ic is t’s v iew  on e  can  find  a co rre sp o n d in g  b a n k e r ’s 
app roach . T he o p p o site  tran sfo rm a tio n  is m o re  co m p lica ted . T he b a n k e r’s a p ­
p ro ac h  is m o re  g en e ra l th a n  the  p h y s ic is t’s one , b ec au se  one c o n s id e r  p a rticu la r  
p a th s , b u t n o t o n ly  th e ir  in itia l an d  en d  p o in ts . H ow ever, it h a s  b ee n  sh o w n  [16] 
th a t fo r  any b a n k e r’s am o rtiza tio n  d is trib u tio n  a th e re  is a “b e tte r” conservative  
d is trib u tio n  a  an d  a p o te n tia l fu n c tio n  F  fo r  it, such  that:
-  a (s, s ')  =  t (s, s ')  +  F ( s ')  — F ( s )  (a  co n serv a tiv e  an a ly sis),
-  th e  n ew  an a ly sis  h as  the  sam e se t o f  p lu sp o in ts  as the  o ld  one. A  pluspoint 
is  a v e rte x  fo r  w h ich  the  su rp lu ses  o f  all p a th s  fro m  the  in itia l sta te  to  it are  n o n ­
negative ,
- a'(s1 , s2) <  a ( s 1 , s2) fo r  any  edge e ( s 1 , s2).
T hus, w ith o u t lo ss  o f  g en e ra lity  w e  re s tr ic t o u r a tten tio n  to  a conservative 
am o rtize d  an a ly sis , w h ere  am o rtize d  co s ts  d ep e n d  o n ly  on  the  en d  an d  in itia l v e r­
tices , b u t n o t o n  a co n c re te  path .
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FIGURE 1. Heap layouts before and after the computations
2.3 Amortization for Heap Consumption Gives Size of Live Data
A n y  d a ta  s tru c tu re  th a t ex is ts  d u rin g  the  c o m p u ta tio n  o f  a  fu n c tio n  m a y  b e  c o n ­
stru c ted  e ith e r  fro m  h ea p  u n its  fro m  th e  in itia lly  a llo ca ted  u n its  d efined  b y  the  
in itia l p o te n tia l fu n c tio n  o r reu se d  h ea p  ce lls  o f  in itia l d a ta  (fo r the  lan g u ag e  w ith  
d es tru c tiv e  p a tte rn  m a tch ing ).
I f  a  h ea p  m a n a g e m e n t is  p e rfo rm ed  v ia  m a in ta in in g  a  free  lis t, th e n  th e  h eap  
la y o u ts  b e fo re  an d  a fte r th e  c o m p u ta tio n s  are p re se n te d  b y  the  sc h em a  in  F ig u re  1. 
O ne ca n  see m a in ta in in g  a free  lis t as an  id ea l g arb ag e  co llec to r: o n ce  a lo c a tio n  
is n o t u se d  it  is  p u t on  the  to p  o f  the  free  list. A  fre sh  ce ll is  ta k e n  fro m  th e  top  
o f  the  free  list. T hus, a p o te n tia l fu n c tio n  an d  a size  o f  in p u t d a ta  define  an  u p p e r 
b o u n d  o n  th e  size  o f  th e  live d a ta  a t any m o m e n t o f  co m p u ta tio n . In  g en e ra l, the  
p h y s ic is t’s ap p ro a ch  g ives th e  fo llo w in g  dependency :
size(input) +  F in =  size(data_current) +  F current =  size(output) +  F out
B elow  w e  d isc u ss  how  am o rtiza tio n  m a y  b e  in c o rp o ra ted  in to  a ty p e  system .
3 STATE OF THE ART: A TYPE SYSTEM FOR LINEAR BOUNDS 
ON THE SIZE OF LIVE DATA
O ne can  im p le m e n t a h eap -aw are  am o rtize d  an a ly sis  v ia  an  an n o ta te d  ty p e  system . 
In  th is  sec tio n  w e  c o n s id e r  an  an n o ta te d  ty p e  sy stem  th a t co rre sp o n d s  to  a b a n k e r ’s 
view . I t w as in tro d u c ed  b y  H o fm an n  an d  Jo s t [10] fo r  lin e a r  b o u n d s  o n  h ea p  c o n ­
sum ption . G iven  a firs t-o rd e r p ro g ra m  th is  sy stem  allow s to  in fe r an  u p p e r b o u n d  
( i f  it ex is ts  an d  is lin ear) o n  the  am o u n t o f  f re sh ly -a llo ca ted  h ea p  un its . M o re  p re ­
cisely , the  size  o f  live d a ta  d u rin g  a ru n  o f  th e  p ro g ra m  w ill n e v e r  ex c ee d  the  size
X V I-5
o f  th e  in p u t p lu s  the  in fe rred  lin e a r  function . T he o p e ra tio n s  th a t e ffec t h ea p  c o n ­
su m p tio n  are co n s tru c to rs  an d  p a tte rn  m a tch in g . T he co effic ien ts  o f  lin e a r  b o u n d s 
ap p e ar in  th e  fo rm  o f  n u m e rica l an n o ta tio n s  (co n stan ts)  fo r  types. F o r in stan ce , a 
p ro g ra m  th a t c rea te s  a fre sh  co p y  o f  a  lis t o f  in tegers
c o p y  : :  [ I n t ]  ^  [ I n t ]
c o p y  [] =  []
c o p y  ( x : x s )  =  x  : c o p y  x s
h as  the  an n o ta te d  sig n a tu re  L ( I n t ,  1), 0 ^  L ( l n t ,  0 ) , 0. I t  m e an s  th a t each  e le ­
m e n t o f  an  in p u t lis t m u s t b e  su p p lied  w ith  1 ex tra  h ea p  u n it to  fix  the  space  fo r 
its copy. T he co n n e c tio n  w ith  th e  b a n k e r’s v iew  is obv ious: th e  an n o ta tio n s , a t­
ta ch e d  to  co n s tru c to rs , p la y  a ro le  o f  cred its . T he p o te n tia l o f  a  lis t L ( l n t ,  1) 
o f  le n g th  n  is  k  ■ n. T he h ea p  co n su m p tio n  by  a p ro g ra m  p f w ith  th e  signa tu re  
L ( l n t ,  k), k0 ^  L ( l n t ,  k ) ,  k00 d o es n o t ex c ee d  k ■ n + k0 h ea p  u n its , an d  a t the  en d  
o f  th e  co m p u ta tio n  a t le a s t k  ■ rl +  k00 h ea p  u n its  are av a ilab le , w ith  n  an d  rl b e  the 
sizes  o f  the  in p u t an d  o u tp u t lis ts , respectively .
In  fact, th e  ty p e  sy stem  above in fe rred  tw o  (linear) p o te n tia l fu n c tio n s  o f  a 
g iven  p ro g ram : th e  p o te n tia l o f  an  in p u t an d  the  p o te n tia l o f  an  ou tpu t. T he p o te n ­
tia l o f  th e  in p u t m a y  b e  d isc h a rg ed  d u rin g  th e  ru n  o f  th e  p ro g ra m , an d  the  p o ten tia l 
o f  th e  o u tp u t m ay  b e  u se d  in  fu rth e r  co m p u ta tio n s.
I t is p o ss ib le  to  ex ten d  th is  ap p ro a ch  fo r  n o n -lin e a r  b o u n d s. T he a im  o f  the  
p re se n ted  p ro je c t is to  s tudy  such  ex tensions.
4 PROJECT PLAN
To an sw er th e  th ree  re se a rc h  q u es tio n s p o se d  in  S ec tio n  1.3, the  p ro je c t is  p a r ti­
t io n e d  in to  an  in itia l step  fo llo w ed  b y  tw o  p ara lle l re se a rc h  lines. T he in itia l step  
serves as a p re -re q u is ite  fo r  th e  tw o  lin es  an d  w ill e s tab lish  th e  fo u n d a tio n s  o f  
am o rtize d  an a ly sis  w ith  n o n  lin e a r  b o u n d s  fo r  s tric t lan g u ag es. A fte r  th a t, a  fu n d a ­
m e n ta l th e o re tic a l re se a rc h  line  w ill ex ten d e d  th is  an a ly sis  to  a la zy  language . A  
p a ra lle l p rac tica l line  w ill tra n s fe r  the  th e o re tic a l re su lts  to  a m o re  p rac tica l im p e r­
ative o b je c t-o rien ted  se tting .
U ltim ate ly , w e w a n t to  im p le m e n t the  ty p e  sy stem s fo r  h ea p  space  u sag e  to  
o b ta in  an  im p lem e n ta tio n  th a t ca n  ch e ck  w h e th e r  a g iven  p ro g ra m , p o ss ib ly  w ith  
som e ty p e -a n n o ta tio n s , m e e ts  a g iven  b o u n d  o n  h ea p  space u sag e  o r  an  im p le m e n ­
ta tio n  th a t ca n  ac tu a lly  co m p u te  su ch  a bound .
4.1 Amortized analysis with non-linear bounds
T here  are m an y  in te re s tin g  ex a m p le s  th a t req u ire  n o n - lin e a r  h ea p  space , fo r  in ­
stance m a tr ix  m u ltip lic a tio n  an d  C a rtes ian  p ro d u c ts . A lso  th e  g e n e ra tio n  o f  a 
sp o rts  c o m p e titio n  p ro g ra m m e , in  w h ic h  every  te am  p la y s  a h o m e an d  an  aw ay 
m a tch  ag a in s t every  o th e r  team , n ee d s  a n o n -lin e a r  am o u n t o f  h ea p  space.
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In  all o f  th ese  ex am p les , th e  size  o f  the  o u tp u t is a lso  n o n -lin e a r  w h e n  ex p ressed  
in  te rm s o f  th e  inpu t: the  sp o rts  c o m p e titio n  h as  n ■ n — n  m a tch e s , w h ere  n  is  the 
n u m b e r  o f  team s. T h erefo re , it is c lea r  th a t th e  size  re la tio n s  are im p o rta n t w h en  
co m p u tin g  am o rtize d  bounds.
Methodology. O n the  th e o re tic a l level (w ith o u t im p lem e n tin g  it  fo r  an  ac tua l 
p ro g ra m m in g  lan g u ag e ) w e w ill ta ck le  th e  d eriv a tio n  o f  size re la tio n s  sep ara te ly  
fro m  h ea p -sp ac e  u sag e  to  k eep  b o th  sy s tem s as sim p le  as po ssib le . T he resu lts  
fro m  th e  sy stem  th a t derives  th e  size  re la tio n s  serves as in p u t fo r  th e  am o rtized  
ana lysis . T he am o rtize d  an a ly sis  w ill b e  an  e x ten s io n  o f  th e  ex is tin g  lin e a r  ana ly sis  
[10].
4.2 Amortized Heap Analysis of a Lazy Language
A n  am o rtize d  tim e  ana lysis  fo r  c a ll-b y -n ee d 2 la n g u ag e s  is co n s id e red  in  [14]. In ­
s tead  o f  c red its  i t  u se s  debts to  co v e r co s ts  o f  closures (su sp en sio n s). A  c lo su re  is 
a llo w ed  to  b e  fo rc ed  o n ly  a fte r its d eb t is “p a y e d  o f f ’ b y  th e  o p e ra tio n s  p rec ed in g  
the  o p e ra tio n  w h ich  fo rc es  the  closure .
Choice of Programming Language. To co n s id e r  h ea p  u sag e  ana ly sis  fo r  lazy  
fu n c tio n a l p ro g ra m m in g  lan g u ag es , w e  w ill b eg in  w ith  a s tr ic t v e rs io n  o f  c o re ­
C lean . W e have  ch o sen  C lean  s ince  C le a n ’s u n iq u e n ess  ty p in g  [3] m a k es  C lean  
m o re  su ited  as a s ta rtin g  p o in t th a n  e.g. H ask e ll, s ince  w ith  u n iq u e n ess  ty p in g  
reu se  o f  n o d es  can  b e  an a ly sed  in  a so p h is tica te d  m anner. F o r th is  s tric t C o re ­
C lean  lan g u ag e  w e w ill define  an  a lte rna tive  o p e ra tio n a l sem an tics  w h ich  w ill take 
h ea p  u sag e  in to  acco u n t, an d  th e n  fo rm u la te  a ty p e  sy stem  in  w h ic h  an n o ta tio n s  in  
ty p e s  ex p ress  costs.
Methodology. C a m e lo t [13] is an  M L -lik e  s tr ic t f irs t o rd e r  fu n c tio n a l la n ­
gu ag e  w ith  p o ly m o rp h ism  an d  a lg eb ra ic  d a ta  types. To en ab le  an a ly sis  o f  h ea p  u s ­
age C a m e lo t m a k es  a sy n tac tic  d is tin c tio n  b e tw e e n  d es tru c tiv e  an d  n o n -d es tru c tiv e  
p a tte rn  m a tch in g s , w h ere  d es tru c tiv e  p a tte rn  m a tc h in g  a llow s a n o d e  o f  h ea p  space 
to  b e  rec la im ed ; i t  is  ex p e c ted  to  b e  re la tiv e ly  easy  to  tran sfe r  su ch  a d is tin c tio n  to  
a  lan g u ag e  th a t h as  u n iq u e n ess  ty p in g , as th is  can  en fo rce  the  safe u se  o f  d e s tru c ­
tive p a tte rn  m a tch in g . T h erefo re , w e  ex p e c t th a t th e  re su lts  ach iev ed  fo r  C am elo t 
w ill b e  q u ick ly  tra n sfe rre d  to  th e  s tr ic t v e rs io n  o f  co re -C lean . T hen , w e  w ill m ake  
in c re m en ta l ch an g es , b y  ch a n g in g  the  s tric t sem an tics  in to  a m ix e d  la z y /s tric t se ­
m a n tic s  an d  th e n  investiga te  th e  e ffec t o n  the  o p e ra tio n a l sem an tics  and  th e  type  
system . T h is is  n o t a b ig  step  in  the  d ark  since  th e  h eap -aw are  in fe ren ce  sy stem  
fro m  [10] a lread y  h as  som e flavo r o f  the  c a ll-b y -n ee d  sem an tics. Shared u sag e  o f  
va riab les  b y  several ex p re ss io n s  is trea ted , fo r  in stan ce , in  th e  M A TCH -rule g iven  
be lo w  in  S ec tio n  5.3 an d  in  the  SHA RE-rule in  [10].
2Following [14] we associate call-by-value with strict languages, call-by-name with lazy 
languages without memoization, and call-by-need with lazy languages with memoization.
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4.3 Adaptation to Object-Orientation
Choice of Programming Language. A s the  o b je c t-o rien ted  p ro g ra m m in g  la n ­
g u ag e s  to  b e  s tu d ied  w e have ch o sen  Java. W e w ill u se  the  Java sem an tics  d e ­
v e lo p ed  in  the  L O O P  p ro je c t [11], w h ich  in c lu d es  an  ex p lic it fo rm a lisa tio n  o f  
the  heap . T h is  w ill f irs t req u ire  ac cu ra te ly  ac co u n tin g  o f  h ea p  u sa g e  in  th e  ty p e - 
th e o re tic  m e m o ry  m o d e l u n d e rly in g  th e  L O O P  to o l [5].
T he Jav a  M o d e lin g  L an g u ag e  JM L , a  sp ec ifica tio n  lan g u ag e  ta ilo re d  to  Java, 
a lread y  p ro v id es  a sy n ta x  fo r  sp e c ify in g  h ea p  u sage , b u t th is  p a r t o f  JM L  is as y e t 
w ith o u t any c le a r  sem an tics. W e w a n t to  p ro v id e  a r ig o ro u s  se m an tics  fo r  th ese  
p ro p e rtie s  ab o u t h ea p  space  u sag e  an d  th e n  deve lop  an  asso c ia te d  p ro g ra m m in g  
lo g ic  fo r  p ro v in g  such  p ro p ertie s .
Methodology. W e w ill s ta rt to  a d ju s t th e  an a ly sis  o f  S ec tio n  5.3 b y  ap p ly in g  
it  to  c lasses  th a t ad m it a fu n c tio n a l algebraic data-type (ADT) interface. T hese 
c lasse s  can  b e  co n s id e red  as d e fin in g  a n u m b e r  o f  o p e ra tio n s  o n  an  a lg eb ra ic  d a ta  
type. O ne ex trac ts  b as ic  im p era tiv e  ro u tin e s  w h ich  c o n ta in  ex p lic it a l lo ca tio n /d ea l­
lo ca tio n , an d  co rre sp o n d  to  (co )a lg eb ra ic  o p era tio n s , an d  have  fu n c tio n a l co u n te r­
parts , like d a ta  co n s tru c to rs  an d  p a tte rn  m a tch in g (s). A  fie ld  assig n m en t, fo r  e x a m ­
p le , m a y  b e  p re se n te d  as a co m p o sitio n  o f  th e  d es tru c tiv e  m a tc h  an d  a construc to r. 
H eap -aw are  ty p in g  ju d g m e n ts  m u s t b e  d efined  fo r  th ese  m a cro -o p e ra tio n s  an d  the  
lan g u ag e  c o n s tru c ts  like  i f -b r a n c h in g ,  seq u en c in g  and  w h ile - re p e ti t io n .
N ex t, re se a rc h  w ill b e  d one  to  a llev ia te  th e  re s tr ic tio n s  th a t are  se t u p o n  the  
c lasse s  in  o rd e r  to  m ak e  the  an a ly sis  app licab le . F o r th a t p u rp o se , w e  w ill in v e s ti­
gate  th e  p o ss ib ility  o f  in tro d u c in g  am o rtize d  v arian ts  o f  e x is tin g  specific  ana ly ses  
(su ch  as the  n o n -recu rs iv e  [6] an d  th e  sy m b o lic  [7] w h ic h  trea ts  a liasing).
O ne o f  th e  m a in  p ro b lem s fo r  h ea p  space  an a ly sis  w ill b e  a lias ing . A lia s in g - 
aw are  ty p e  sy stem s an d  lo g ic s  p re se n te d  in  [1, 12] m a y  b e  co n s id e red  sep ara te ly  
fro m  the  reso u rce -a w are  ty p in g  sy stem  an d  are to  b e  co m b in ed  w ith  it a t th e  very  
la s t s tage  o f  the  d es ig n  o f  the  p ro o f  system .
5 FIRST STEPS
5.1 Towards non-linear upper bounds on the size of live data
I t is co n v en ien t to  m e asu re  the  p o te n tia ls  o f  d a ta  s tru c tu re s  in  te rm s o f  th e  sizes. 
F o r in stan ce , fo r  a lis t o f  le n g th  n  its  p o te n tia l m a y  b e  a fu n c tio n  o f  n , th a t is F ( n ) .  
In  g en e ra l one assigns a p o te n tia l to  an  overall data structure. In  o th e r  w o rd s , a 
p o te n tia l is  a ss ig n ed  to  th e  a b s tra c t sta te  th a t is the  c o llec tio n  o f  the  sizes  o f  the  
s tru c tu res  e x is tin g  in  a g iven  co n c re te  state. N ow , c o n s id e r  a p ro g ra m  th a t crea tes  
the  in itia l ta b le  fro m  a lis t o f  n  row s an d  a lis t o f  m  co lum ns. F o r its in p u t o f  type 
Ln( s t r i n g )  x  Lm( s t r i n g )  th e  p o te n tia l F ( n ,  m ) sh o u ld  be p ro p o rtio n a l to  n ■ m.
T he b a n k e r’s v iew  is re d u c e d  to  ass ig n in g  a c re d it to  ea ch  c o n s tru c to r  o f  a d a ta  
structu re . F o r in stan ce , in  [10] each  c o n s tru c to r  o f  a lis t o f  ty p e  L (a ,  k) h as  a 
c o n s ta n t c re d it k, an d  th u s  the  p o te n tia l o f  th e  lis t is  k  ■ n, w h ere  n  is its  leng th .
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In  g en e ra l th e  c re d it o f  a  n o d e  m a y  be a function . I t m a y  d ep e n d  on  the  
p o s itio n  o f  the  n o d e  in  the  lis t, an d /o r  o n  th e  size o f  the  lis t, as w e ll as o n  the  
size o f  “n e ig h b o rin g ” d a ta  s tru c tu re , etc. F o r in stan ce , in  the  ta b le -c re a tin g  p ro ­
g ram  the  an n o ta te d  ty p e  o f  its in p u t m ay  b e  Ln( l n t ,  k) x  Lm( l n t ,  0 ) , w h ere  
k (position, n, m ) =  m .
In  th e  lin e a r  h e a p -c o n su m p tio n  an a ly sis  [10] th e se  d ep e n d en c ie s  w ere  n o t tak en  
in to  accoun t. T h is  m ake  th e  an a ly sis  v e ry  sim p le , b ec au se  it  red u c es  to  so lv in g  lin ­
ea r in eq u alitie s . I t covers a  la rge  c lass  o f  fu n c tio n a l p ro g ra m s w ith  lin e a r  h eap  
co n su m p tio n , w h ere  coeffic ien ts  o f  lin e a r  fu n c tio n s  are c red its  o f  co n stru c to rs .
In tro d u c in g  d ep e n d en c ie s  w ill s ig n ifican tly  in c re ase  the  co m p lex ity  o f  type  
ch e ck in g  an d  in ference . W e study  c lasse s  o f  p ro g ra m s fo r  w h ich  ty p e  ch eck in g  
an d  in fe ren ce  o f  n o n -lin e a r  b o u n d s  are dec idab le .
5.2 Examples: going on with amortization-and-types
T he lin e a r  h ea p -co n su m p tio n  an a ly sis  show s th a t am o rtiza tio n  an d  ty p e s  su it each  
other. In  th is  sec tio n  w e c o n s id e r  ex a m p le s  on e  o f  w h ich  illu s tra te s  th e  advan tages 
o f  th e ir  co m b in a tio n  an d  the  o th e r  one m o tiv a te s  s tudy  o f  an n o ta te d  ty p e s  fo r  n o n ­
lin e a r  h ea p  co n su m p tio n .
5.2.1 Type systems bring modularity to amortized analysis
In  th e  fo llo w in g  ex am p le  the  naive  w o rs t-c a se  an a ly sis  sig n ifican tly  o v erestim a te  
the  rea l h ea p  co n su m p tio n  and  the  p rec ise  an a ly sis  is ra th e r  co m p lica ted . W e show  
th a t w ith  th e  h e lp  o f  ty p e s  an n o ta te d  w ith  c red its , on e  o b ta in s  a v e ry  g o o d  u p p e r  
b o u n d  fo r  a “re d u c e d  p r ic e ” : ty p e s  m ake  th e  an a ly sis  m o d u la r  and , th u s , s im p le r  
an d  m o re  su itab le  fo r  au to m a ted  ch e ck in g  o r  in ference.
C o n s id e r  q ueues (“firs t-in -firs t-o u t” lis ts) p re se n ted  as p a irs  o f  lis ts  in  th e  u su a l 
way. A  queue q is  rep re se n ted  b y  a p a ir  (as, y s ) , su ch  th a t q is  xs  +  +(reverseys). 
T he h ea d  o f  the  lis t xs  is the  h ea d  o f  the  q ueue , an d  th e  h ea d  o f  ys  is  th e  ta il o f  the 
queue. F o r in stan ce , th e  queue [1, 2 , 3, 4 , 5] m ay  b e  p re se n ted  as ([1, 2 , 3], [5, 4]). 
O ne adds e lem en ts  to  the  q u eu e  by  p u sh in g  th e m  o n  the  h ea d  o f  ys , see F ig u re  2  
below . A fte r  ad d in g  6 th e  re su ltin g  queue is p re se n te d  b y  ([1, 2 , 3], [6, 5, 4]). 
T he fu n c tio n  “rem o v e  fro m  the  q u eu e” , w ill p o p  1 fro m  xs . C o n s id e r  the  co d e  fo r  
r e m o v e ,w h e r e  r e v e r s e  c rea te s  a fresh copy o f  the  rev e rsed  list:
r e m o v e  : :  ( [ I n t ] ,  [ I n t ] )  ^  ( I n t ,  ( [ I n t ] ,  [ I n t ] ) )  
r e m o v e  ( [ ] , [ ] ) =  e r r o r  
re m o v e  ( [ ] , y s  ) =  re m o v e  ( r e v e r s e  y s  , [ ] ) 
r e m o v e  ( x : x s ,  y s )  =  ( x , ( x s ,  y s ) )
W e assu m e th a t in p u t p a irs  an d  o u tp u t tr ip le s  are not boxed, th a t is, tw o  in p u t 
p o in te r  v a lu es  are ta k e n  fro m  th e  o p e ra n d  s tack  and  in  th e  case  o f  n o rm a l te rm in a ­
tio n  th ree  v a lu es w ill b e  p u sh e d  o n  the  o p era n d  stack . (T h is  h e lp s  to  avo id  tech n ica l 
o v erh e ad  w ith  h ea p  co n su m p tio n  fo r  p a irs  an d  tr ip le s  c rea tio n .)
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FIGURE 2. Adding to the queue.
L e t n  d en o te  th e  le n g th  o f  r e m o v e ’s firs t a rg u m e n t an d  m  d en o te  the  len g th  
o f  th e  se co n d  argum ent. I f  n  =  0, th e n  r e m o v e  co n su m es m  h ea p  ce lls , o th e rw ise  
r e m o v e  d o es n o t co n su m e a t all.
A n n o ta te  the  fu n c tio n  ty p e  in  the  sp ir it o f  P h y s ic is t’s p o in t o f  view :
Ln( l n t )  x  Lm( l n t ) ,  F  — > I n t  x  Lpj ( I n t )  x  L p  ( I n t ) ,  F '
w h ere  p 1 =  m — 1 an d  pi  =  0 i f  n  =  0, an d  p 1 =  n — 1 an d  pi =  m  i f  n > 0. F  
d en o tes  th e  p o te n tia l o f  in p u t d a ta  b e fo re  the  co m p u ta tio n s , an d  F '  d en o te s  the 
p o te n tia l o f  th e  d a ta  a fte r the  co m p u ta tio n . C learly , F '  =  F  — m  i f  n  =  0, and  
F '  =  F  i f  n > 0. The drawback o f  this presentation is that F '  is defined piecewise.
T he ty p in g  co rre sp o n d in g  to  the  b a n k e r ’s v iew  is m o re  e legan t, s ince  it  a llow s 
to  escap e  p iecew ise  defin itio n s fo r  am ortiza tion :
Ln( I n t ,  0) x  Lm( l n t ,  1), 0 — > I n t  x  Lp1 ( I n t ,  0) x  Lpi( I n t ,  1), 0
In d eed , i f  n  =  0 th e n  th e  p o te n tia l o f  the  seco n d  a rg u m e n t 1 • m  is  sp e n t b y  r e v e r s e ,  
pi  =  0 an d  th e  p o te n tia l o f  the  se co n d  lis t o n  th e  r.h.s. is 0 =  0 • pi. I f  n > 0 th e n  
the  p o te n tia l o f  the  seco n d  a rg u m e n t 1 • m  is  n o t spen t, an d  th e  seco n d  a rg u m e n t is 
in tac t, pi  =  m  an d  the  p o te n tia l o f  th e  se co n d  lis t o n  th e  r.h .s. is 1 • pi . So, am o rti­
za tio n  k eep s  trac k  on  the  re so u rce s  th a t are le f t a fte r  c o m p u ta tio n  an d  m ay  b e  u sed  
afte rw ords. T he e ffec t o f  c o m b in a tio n  o f  am o rtiza tio n  w ith  ty p e s  m a y  b e  seen  
o n  co m p o sitio n  o f  r e m o v e  an d  c o p y 3 :  I n t  x  Ln ( I n t ,  0) x  Lm( I n t ,  1), 0 — > 
Lm( I n t ,  0 ), 0 th a t re tu rn s  a fre sh  copy  o f  the  th ird  argum ent.
T he na ive  w o rs t-c a se  an a ly sis  c o n s is ts  in  su m m atio n  o f  tw o  w o rs t-c a se  h eap  
co n su m p tio n  es tim a tio n s: fo r  r e m o v e  it is m, an d  fo r  c o p y 3  it is  m. So, the 
naive  w o rs t-c ase  fo r  c o p y 3 ( r e m o v e ( x s ,  y s ) )  is i  • m.
T he p rec ise  w o rs t-c a se  an a ly sis  m e an s  d e ta iled  a b s tra c t p ro g ra m  an a ly sis  o f  
the  entire composition an d  lead s  to  p ie ce -w ise  d efin itio n  o f  the  c o n su m p tio n  fu n c ­
tio n , w h ic h  is  la te r s im p lified  to  a  lin e a r  fu n c tio n  p (n , m ) =  m:
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n m r e m o v e
co n su m es P2
c o p y 3
co n su m es
c o p y 3 ( r e m o v e ( - ) )
co n su m es
0 m m 0 P2 =  0 m  +  0 =  m
>  0 m 0 m P2 =  m 0 +  m  =  m
T he ty p e  o f  c o p y 3 ( r e m o v e ( - ) )  is ea sily  o b ta in ed  b y  com p o sitio n :
I n t  x  Ln ( I n t ,  0) x  Lm( I n t ,  1), 0 — > Lm( I n t ,  0 ), 0.
I t m e an s  th a t th e  co m p o sitio n  c o n su m es 1 • m  h ea p  un its . S om e p ro g ra m  ana lysis  
h as  b ee n  d one  h ere  as w e ll b u t on ly  o n  th e  level o f  r e m o v e ,  to  o b ta in  its type. 
T h is is d one  once  an d  fo rev er an d  th e  ty p e  is  ap p licab le  fo r  any o th e r  com p o sitio n .
5.2.2 Nonlinear bounds
In  th is  su b se c tio n  w e  c o n s id e r  an  ex am p le  to  illu s tra te  w h ich  ex ten s io n s  w e shou ld  
b e  ab le  to  cover.
C o n s id e r  th e  p ro g ra m  th a t g iv en  tw o  lis ts  o f  s tr in g s, o f  le n g th  n  an d  m  re sp e c ­
tiv e ly  c re a te s  th e  in itia l n x  m  ta b le  o f  p a irs  o f  in te g er n u m b e rs , f illed  w ith  (0, 0). 
T h is p ro g ra m  is u se d  fo r  c re a tin g  th e  in itia l ta b le  fo r  a to u rn am en t, like  a  ro u n d  in  
a  so cce r ch am p io n sh ip .
W e s ta rt w ith  a  co m m e n t on  how  th e  in itia l tab le  is  used . D u rin g  a  rou n d , 
ea ch  te am  p la y s  tw o  g am es -  a t h o m e an d  as a guest. L et, fo r  in stan ce , “A ja x ” 
w h ich  is n u m b e r  1 in  the  lis t (in  the  a lp h ab e tica l o rd er), p la y s  in  A m ste rd a m  w ith  
“F ey en o o rd ” , n u m b e r 3. T he re su lt is i  — 1. O ne p la ce s  ( i ,  1) in  the  p o s itio n  (1 , 3) 
in  the  tab le . L e t “F ey en o o rd ” p lay  in  R o tte rd am  w ith  “A ja x ” , 1 — 1. O ne p laces  
(1 , 1) in  the  p o sitio n  (3 , 1). A t the  en d  o f th e  ro u n d  the  tab le , ex c ep t th e  d iag o n al, 
is  filled  w ith  the  resu lts.
W e n ee d  the  au x ilia ry  function :
i n i t _ r o w  : : [ S t r i n g ]  [ ( I n t ,  I n t ) ]
i n i t _ r o w  [ ] =  [ ]
i n i t _ r o w  ( h : t )  =  ( 0 ,  0 ) : i n i t _ r o w  t
Its  an n o ta te d  ty p e  is Ln ( S t r i n g ,  i ) , 0 ^  Ln ( I n t  x  I n t ,  0 ), 0. N o te , th a t h e re  p a irs  
o f  in teg ers  are a llo ca ted  in  the  h eap , an d  w e  assum e th a t a p a ir  a llo ca te  one h eap  
un it, as w e ll as a cons-cell.
T he m a in  “w o rk in g ” fu n c tio n  is:
i n i t _ t a b l e :  [ ( I n t ,  I n t ) ]  [ S t r i n g ]  ^  [ [ ( I n t ,  I n t ) ] ]  
i n i t _ t a b l e  ro w  [] =  []
i n i t _ t a b l e  ro w  ( h : t )  =  c o p y  ro w  : i n i t _ t a b l e  t
w ith  ty p e  Ln ( I n t  x  I n t ,  im )  x  Lm( S t r i n g ,  0 ), 0 ^  Lm(Ln( I n t  x  I n t ,  0 ) , 0 ), 0. 
T he fu n c tio n  th a t c re a te s  the  in itia l to u rn a m e n t tab le
i n i t _ t o u r  : : [ S t r i n g ]  ^  [ [ ( I n t ,  I n t ) ] ]  
i n i t _ t o u r  te a m s  =  i n i t _ t a b l e  ( i n i t _ r o w  te a m s )  te a m s
h as  th e  an n o ta te d  ty p e  Ln ( S t r i n g ,  i n  +  i ) ,  0 ^  Ln(Ln( I n t  x  I n t ,  0 ), 0 ), 0.
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5.3 Experimental Type System
W e s ta rt w ith  a ty p e  sy stem  fo r  a f irs t-o rd e r  ca ll-b y -v a lu e  fu n c tio n a l lan g u ag e  ov er 
in teg ers  an d  p o ly m o rp h ic  lis ts. So far, w e  c o n s id e r  shapely p ro g ra m s, th a t is p ro ­
g ram s fo r  w h ic h  th e  size  o f  the  o u tp u t (p o ly n o m ia lly ) d ep en d s  o n  th e  sizes  o f  in p u t 
lists.
5.3.1 Language and Types
T he abstract sy n ta x  o f  the  lan g u ag e  is defin ed  by  th e  fo llo w in g  g ram m ar, w h ere  t 
ran g e s  o v er in te g er co n s tan ts , x  an d  y  d en o te  ze ro -o rd e r  p ro g ra m  v ariab les , an d  f  
d en o tes  a  fu n c tio n  nam e:
Basic b : :=  c | nil | c o n s (x ,y )  | f ( x 1, . . . , x n)
Expr e : :=  le tfun  f ( x 1, . . . , xn) =  e1 in ei
I b I le t x  =  b in e | if x th e n  e1 else  ei 
I m a tc h  x  w ith  i nil ^  e1 i co n s(x hd,x t i ) ^  ei
W e have  b e e n  s tu d y in g  a ty p e  an d  e ffec t sy stem  in  w h ich  ty p e s  are an n o ta ted  
w ith  size  ex p re ss io n s  (lo w ercase  in d ices ) and  credit functions.
S ize ex p re ss io n s  th a t an n o ta te  ty p e s  (see b e lo w ) are p o ly n o m ia ls  rep re se n tin g  
le n g th s  o f  fin ite  lis ts  an d  arith m etic  o p e ra tio n s  ov er th ese  leng ths:
SizeExpr p  : :=  IN | n | p + p  | p  — p  | p *p
w h ere  n , p o ss ib ly  d eco ra ted , d en o tes  a  size  v a riab le , w h ich  ran g e s  ov er in te g er 
n u m b ers . S em an tics  fo r  lis ts  w ith  n ega tive  sizes is n o t defined: th ese  lis ts  are ill- 
fo rm ed .
In  the  s im p les t case , th e  in tu itio n  b eh in d  a c re d it fu n c tio n  k : IN ^  R +  is th a t 
k (i) is the  c red it, th a t is, an  am o u n t o f  the  free  h ea p  u n its , a ss ig n ed  to  th e  i- th  cons- 
ce ll o f  a g iv en  list. N o te  th a t w e  c o u n t co n s-c e lls  fro m  nil, th a t is th e  h ea d  o f  a 
lis t o f  le n g th  n. F ra c tio n a l c re d its  are u se d  to  ach ieve m o re  f lex ib ility  in  defin ing  
d is trib u tio n  o f  ex tra  h ea p  ce lls  ac ro ss  an  o vera ll d a ta  structu re .
A s w e  have n o tic ed  in  5.1 c re d its  m a y  d ep e n d  n o t on ly  o n  the  p o sitio n  o f  a 
co n s-ce ll, b u t a lso  on  o th e r  p a ra m e te rs , like  th e  le n g th  o f  th e  o u te r  lis t o r  the  sizes 
o f  “n e ig h b o rin g ” lists. In  g en e ra l a c re d it fu n c tio n  is o f  ty p e  IN x  . . .  x  IN ^  (IN ^  
R + ) .  T he sy m b o l k  d en o tes  a p a ra m e tric  o r  n o n -p a ram e tric  c re d it function .
Z e ro -o rd e r  ty p e s  are a ss ig n ed  to  p ro g ra m  v alu es , w h ic h  are in teg ers  an d  a n n o ­
ta te d  fin ite  lists:
Types t  : :=  I n t  | a  | Lp ( t ,  k) a  E TypeVar
w h ere  a ,  p o ss ib ly  d eco ra ted , is a ty p e  v ariab le . F o r now , lis ts  m u s t have size  e x ­
p ress io n s  a t every  p o s itio n  in  the  type . H en ce , th ey  re p re se n t m a trix -lik e  structu res.
F irs t-o rd e r  ty p e s  are a ss ig n ed  to  sh ap e ly  fu n c tio n s  o v er v a lu es  o f  a ze ro -o rd e r  
type. L e t t °  d en o te  a  ze ro -o rd e r  ty p e  w h ere  all th e  size  an n o ta tio n s  are size  v a r i­
ables. F irs t-o rd e r  ty p e s  are d efined  by:
t f  : :=  t °  x  . . .  x  t° , K  ^  t l+1 , K ',
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w h ere  th e  free  size  v a riab les  o f  th e  an n o ta tio n s  o f  t l+1 are th e  size v a ria b le s  o f  the 
in p u t ty p e , an d  K, K' are n o n -n eg a tiv e  ra tio n a l constan ts.
5.3.2 Typing rules
C o n sid e r  a  ty p e  sy stem  th a t g en e ra lises  the  ty p e  sy stem  o f  H o fm an n  an d  Jo s t [10].
A  ty p in g  ju d g m e n t is a  re la tio n  o f  th e  fo rm  D; T; K  hs e : t ;  K , w h ere  D  is  a 
se t o f  D io p h an tin e  e q u a tio n s  and  d iseq u a tio n s , w h ich  is  u se d  to  k ee p  trac k  o f  the  
size in fo rm atio n . T he s ig n a tu re  S  co n ta in s  th e  ty p e  assu m p tio n s  fo r  th e  fu n c tio n s  
th a t are g o in g  to  b e  checked .
In  th e  ty p in g  ru les , D h p  =  p  m e an s  th a t p  =  p  is deriv ab le  fro m  D  in  firs t­
o rd e r  log ic . D h  t  =  t '  is a sh o rth an d  th a t m e an s  th a t t  an d  t '  have  th e  sam e u n d e r­
ly in g  ty p e  an d  eq u a lity  o f  th e ir  c red it an d  size  an n o ta tio n s  is derivab le . C o n s id er 
som e o f  th e  ty p in g  ru le s  th a t define  a ty p in g  ju d g m e n t re la tio n  form ally .
K  > K  +  1 +  k ( p  +  1)
D h p  =  p  +  1
D ; T, h d : t ,  k, tl : L p ( t ,  k ); K  hs  c o n s (h d , tl) : Lp ( t ,  k ); K' C o n s
T he n o n -d es tru c tiv e  p a tte rn -m a tch in g  ru le  tak es in to  acco u n t th a t the  lis t and  
its ta il are sh a red  and , th e re fo re , th ey  share  th e  po ten tia l. In  th e  sim p lified  v e rs io n  
be lo w  all, b u t the  h e a d -c e ll’s, p o te n tia l is  tran sfe rred  to  th e  ta il. T he h e a d -c e ll’s 
c re d it is “o p en e d ” fo r u sage:
p  =  0, D ; T, x : L p ( t ',  k ); K  h s  enM : t ;  K
D; T, hd  : t , x  : L p (t ',  0 ) , tl : Lp_1 ( t ' ,  k ); K  +  k ( p ) h s  econs : t ;  K  
---------------------------------------------------------------------------------------------------------- M a t c h
D, T, x : L p (t; , k ); K  h s  m a tc h  x  w ith  | nil ^  enj| : t ;  K'
| c o n s (h d , tl) ^  econs
F u n c tio n  ap p lica tio n  ru le  fo r  a  fu n c tio n  f  m ay  b e  v ie w e d  as th e  g en e ra lisa tio n  
o f  th e  C o N S -ru le  w ith  f  in s tea d  o f  co n s , th e  fu n c tio n ’s a rg u m en ts  in s tea d  o f  hd, 
tl. N o te  th a t in  the  p re c o n d itio n  th e re  m u s t b e  the  in fo rm a tio n  s ( f  ) a b o u t the  type 
o f  the  function . In  th is  w ay  on e  ach ieves th e  f in iten ess  o f  th e  d eriv a tio n  tree  i f  
the  fu n c tio n  is recu rsive . T he in fo rm a tio n  m a y  b e  n o t co m p le te , th a t is the  type  
h as  u n k n o w n  p a ra m e te rs  in  ann o ta tio n s. Type in fe ren ce  fo r  the  an n o ta te d  ty p es 
co n s is ts  in  f in d in g  th e se  p aram ete rs .
To d ea l w ith  in te r-s tru c tu ra l ex ch an g e  o f  re so u rce s , one n ee d s  ru les  like
D h K  > sp=1k'(i)
D; T , x  : L p ( t ,  k ); K  hs e : t ' ;  K'
D ; T, x  : L p (t, k + k'); K  _  (i) h s  e : t ' ;  K'  S h u f f l e I n
T h is ru le  is n o n -sy n ta x  d riven  an d  in c re ase s  co m p lex ity  o f  ty p e -ch eck in g . W e p lan  
to  e s tab lish  c o n d itio n s  th a t define  how  such  in fe ren ce  ru le s  m u st b e  applied .
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5.4 Ongoing Research: Sized Types
W h ils t ex p lo rin g  p o ss ib le  re se a rc h  d irec tio n s , i t  b ec am e  c le a r  th a t an  im p o rta n t 
a sp ec t o f  any  ad v an ced  am o rtize d  an a ly sis  is  sta tic  d eriv a tio n  o f  th e  sizes  o f  d a ta  
struc tu res. M o re  specifically , th e  re la tio n  b e tw e e n  th e  sizes  o f  th e  a rg u m e n t and  
the  size  o f  the  re su lt o f  a fu n c tio n  has to  be know n . T he size  o f  a d a ta  s tru c tu re , fo r 
now , is the  n u m b e r  o f  n o d es  it  co n s is ts  of.
W e h av e  s tu d ied  the  pu re  s ize-aw are  ty p e  sy stem , w h ic h  is o b ta in ed  fro m  the  
p re se n ted  on e  b y  e ra s in g  c re d it fu n c tio n s  an d  reso u rce  c o n s tan ts  K . W e have 
show n , th a t in  g en e ra l ty p e -c h ec k in g  fo r  th is  sy stem  is u n d ec id ab le . In d eed , c o n ­
s id e r th e  m a tc h in g  ru le. In  its n il-b ran c h  it  co n ta in s  th e  D io p h an tin e  eq u a tio n  th a t 
re flec ts  th e  fac t th a t the  lis t is em pty . A t the  en d  o f  ty p e  ch e ck in g  on e  m ay  n ee d  
to  d e te rm in e  i f  a b ran c h  is g o in g  to  b e  en te red  o r  not. To ch e ck  th is  the  D io p h an - 
tin e  eq u a tio n s  have  to  b e  so lved . So, ty p e -c h ec k in g  is red u c ib le  to  H ilb e r t’s te n th  
p ro b lem  and , th u s, u n d ec id a b le  in  g en e ra l [17].
H ow ever, w e  have  fo rm u la te d  the  sy n tac tica l re s tr ic tio n  th a t m a k es  th e  so lv ­
in g  o f  the  e q u a tio n s  tr iv ia lly  d ec idab le : le t-ex p ress io n s  are n o t a llo w ed  to  co n ta in  
p a tte rn  m a tch in g  as a sub -exp ress ion .
I t is n o t k n o w n  w h e th e r  ty p e  in fe ren ce  is d ec id ab le  fo r  the  s ize-aw are  system . 
I t am o u n ts  to  so lv in g  sy stem s o f  p o ly n o m ia l e q u a tio n s  th a t m a y  b e  n o n - lin e a r  [17].
So, to  in fe r  ty p e s  w e  p ro p o se  an  a lto g e th e r  d iffe ren t ap p ro a ch  [17]. T he id e a  
is sim ple . F irs t, n o te  th a t th e  size  d ep e n d en c ie s  are ex a c t an d  p o ly n o m ia l. F rom  
in te rp o la tio n  th e o ry  it  is  k n o w n  th a t any  p o ly n o m ia l o f  fin ite  d eg ree  is d e te rm in e d  
b y  a fin ite  n u m b e r  o f  d a ta  p o in ts . H en ce , i f  a  deg ree  o f  th e  p o ly n o m ia l is  a ssu m ed  
an d  en o u g h  p a irs  o f  in p u t-o u tp u t sizes  are m e asu red  b y  ru n n in g  the  p ro g ra m  on  
te s t-d a ta  a  h y p o th e s is  fo r  the  size  e q u a tio n s  can  b e  d e term in ed . I f  size d ep en d en cy  
h as  in d e ed  th e  deg ree  assu m ed , ch e ck in g  the  h y p o th e s is  in  th e  ty p e  sy stem  g ives 
a  p o sitiv e  resu lt. B y  rep e a tin g  th e  p ro ce ss  fo r  in c re as in g  d eg rees, any p o ly n o m ia l 
d ep e n d en c y  w ill ev en tu a lly  b e  fou n d , i f  it ex ists. In  case  it  does n o t ex ist, o r  the  
p ro g ra m  d o es  n o t te rm in a te , the  p ro ce d u re  d o es  n o t te rm in a te . So, w e n a m e d  th is  
w ea k  typ e  in ference.
A  fu rth e r  d ev e lo p m e n t o f  th is  sy stem  w o u ld , a m o n g st o th e rs , in c lu d e  an  ad a p ­
ta tio n  to  u p p e r  and  lo w er b o u n d s  an d  su p p o rt fo r  h ig h e r-o rd e r  functions.
6 RELATED W ORK
T he p re se n te d  co m b in a tio n  o f  am o rtiza tio n  and  ty p e s  g en e ra liz e s  th e  ap p ro ach  
fro m  [10] w h ich  fo rm s the  fo u n d a tio n a l b as is  o f  the  E U  fu n d ed  p ro je c t M o b ile  
R eso u rce  G uaran tees, [15]. T he p ro je c t h a s  d e v e lo p e d  th e  in fra s tru c tu re  n e e d e d  
to  e n d o w  m o b ile  co d e  w ith  in d e p e n d e n tly  verifiab le  certifica tes  d esc r ib in g  its  r e ­
so u rc e  b e h a v io r  (space, tim e). Its  fu n c tio n a l lan g u ag e  C a m e lo t is  an  im p le m e n ­
ta tio n  o f  the  u n d e rly in g  lan g u ag e  fro m  [10]. N u m e ric a l an n o ta tio n s  are n o t the  
p a r t o f  its ty p in g , th ey  are co m p u ted  la ter, on  to p  o f  a s tan d ard  ty p e -in fe re n ce  p ro ­
cedure . A  C a m e lo t p ro g ra m  is c o m p ile d  in to  G rail, w h ich  a s tru c tu re d  v e rs io n
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o f  th e  Jav a  B y te  C ode. T he h ig h -lev e l ty p e  sy stem  is m irro re d  in  a sp ec ia lized  
h eap -aw are  H o are  lo g ic  fo r  the  b y te -code .
T he AHA p ro je c t can  b e  c o n s id e red  as one o f  th e  su ccesso rs  o f  M R G :
•  it is  a im ed  to  ex ten d  th e  h ig h -lev e l ty p e  sy stem  o f  M R G  to  ty p e -sy s tem s  fo r 
n o n -lin e a r  h ea p  co n su m p tio n  b o u n d s ,
•  ap p lica tio n s  o f  th e  m e th o d o lo g y  to  o b je c t-o rien ted  p ro g ra m m in g  w ill in ­
vo lve  M R G  ex p e rien ce  w ith  the  b y te -co d e: on e  co n s id ers  im p era tiv e  ob jec t- 
o r ien ted  s tru c tu res  th a t have  co u n te rp a rts  in  fu n c tio n a l p ro g ram m in g ,
•  so u n d n ess  o f  the  ty p e  sy stem s, ty p e -c h ec k in g  an d  in fe ren c es  p ro ced u res , 
o b je c t-o rien ted  ex ten s io n s  w ill be im p lem e n te d  in  an  e n v iro n m en t s im ila r to  
the  p ro g ra m -lo g ic  e n v iro n m en t d es ig n ed  fo r  M R G .
M R G  h as  a few  o th e r  successo rs . F irs t, one sh o u ld  m e n tio n  a la rge  co n so rtiu m  
M o b iu s  [4], w h ich , as w e ll as M R G , ru n s u n d e r  E U  fram ew o rk  G lo b a l C om puting . 
Its  a im  is to  d es ig n  a b y te -c o d e  v erifica tio n  to o l th a t a llow s to  em p lo y  a large 
v a rie ty  o f  fo rm a l m eth o d s. T he b y te -c o d e  p ro p e rtie s  o f  in te re s t in c lu d e  in fo rm atio n  
flow s an d  reso u rce  co n su m p tio n .
T he aim s o f  th e  E m B o u n d e d  p ro je c t [9] are to  iden tify , to  q u a n tify  a n d  to  ce r ­
t i fy  re so u rc e -b o u n d e d  co d e  in  H um e, a d o m a in -sp ec ific  h ig h - le v e l p ro g ra m m in g  
la n g u a g e  fo r  re a l-tim e  e m b e d d e d  system s. T he p ro je c t d ev e lo p s sta tic  an a ly ses  fo r 
tim e  an d  space  co n su m p tio n , in v o lv in g  size  an d  e ffec t ty p e  system s. T he fo u n d a ­
tio n a l re su lts  have rea lis tic  ap p lica tio n s  fo r  e m b ed d e d  system s.
T he R e Q u e S tp ro je c t [ i ] ,  fu n d ed  b y  U K  g o v e rn m e n t’s ag en cy  E P S R C , aim s to  
p rev e n t th e  s itu a tio n s  w h en , fo r  in stan ce , an  ex p en siv e  u s e r ’s re q u e s t fa ils  due to  
the  la ck  o f  m em ory .
7 CONCLUSION
T he AHA p ro je c t aim s to  im p ro v e  th e  sta te  o f  the  a rt in  in fe rr in g  u p p e r b o u n d s  
o n  h ea p -sp ac e  u sage. Im p ro v e m e n ts  lie  in  th e  co m p lex ity  o f  the  b o u n d s  an d  the  
ap p lica b ility  to  w id e ly  u se d  lan g u ag es. U ltim ate ly , w e w a n t to  im p le m e n t b o th  a 
ty p e  ch e ck in g  an d  a ty p e  in fe ren ce  sy stem  fo r  h ea p  space  u sag e  b o u n d s  o f  lazy  
fu n c tio n a l an d  im p era tiv e  p rog ram s.
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